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a b s t r a c t
In this paper, we continue the study of paired-domination in graphs introduced by Haynes
and Slater [T.W. Haynes, P.J. Slater, Paired-domination in graphs, Networks 32 (1998),
199–206]. A paired-dominating set of a graph G with no isolated vertex is a dominating
set S of vertices whose induced subgraph has a perfect matching. We consider paired-
dominating sets which are also locating sets, that is distinct vertices of G are dominated by
distinct subsets of the paired-dominating set. We consider three variations of sets which
are paired-dominating and locating sets and investigate their properties.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
The problem of placing monitoring devices in a system such that every site in the system (including the monitoring
devices themselves) is adjacent to a monitor and every monitor is paired with a backupmonitor, can be modeled by paired-
domination in graphs. Applications where it is also important that if there is a problem in the system its location can be
uniquely identified by the set of monitors, can be modeled by a combination of paired-domination and locating sets. We
consider three variations of this combination.
Let S = {v1, v2, . . . , vk} be a set of vertices in a connected graphG = (V , E), and let v ∈ V . The k-vector (ordered k-tuple)
cS(v) of v with respect to S is defined by
cS(v) = (d(v, v1), d(v, v2), . . . , d(v, vk)),
where d(v, vi) is the distance between v and vi(1 ≤ i ≤ k). The set S is called a locating set if the k-vectors cS(v), v ∈ V , are
distinct. This concept is studied in [1,8,20,22].
A set S of vertices of a graph G = (V , E) is a dominating set (DS) of G if every vertex in V \ S is adjacent to a vertex of S,
and S is a total dominating set (TDS) of G if every vertex in V is adjacent to a vertex in S. The minimum cardinality of a TDS
is the total domination number γt(G). A TDS of cardinality γt(G)we call a γt(G)-set. Domination and its variations in graphs
are now well studied. The literature on this subject has been surveyed and detailed in the two books [9,10].
A matching in a graph G is a set of independent edges in G. A perfect matching M in G is a matching in G such that every
vertex of G is incident to an edge ofM . A paired-dominating set, abbreviated PDS, of a graph G is a set S of vertices of G such
that every vertex is adjacent to some vertex in S and the subgraph G[S] induced by S contains a perfect matching M (not
necessarily induced). Two vertices joined by an edge ofM are said to be paired and are also calledM-partners in S. Every graph
without isolated vertices has a PDS since the end-vertices of any maximal matching form such a set. The paired-domination
number of G, denoted by γpr(G), is the minimum cardinality of a PDS. Paired-domination was introduced by Haynes and
Slater [12,13] as a model for assigning backups to guards for security purposes, and is studied, for example, in [3–6,12,13,
17,18], and elsewhere.
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In this paper we combine the concepts of a locating set and a paired-dominating set and define three new
sets: locating-paired-dominating sets, differentiating-paired-dominating sets, and metric-locating-paired-dominating sets.
Similar concepts for total domination have been studied by Haynes et al. [11].
1.1. Notation
For notation and graph theory terminology we in general follow [9]. Specifically, let G = (V , E) be a graph with vertex
set V of order n and edge set E. For a set S ⊆ V , the subgraph induced by S is denoted by G[S]. If v ∈ S and w ∈ V \ S, then
the vertexw is an S-external private neighbor of v if N(w) ∩ S = {v}. The open neighborhood of vertex v ∈ V is denoted by
N(v) = {u ∈ V | uv ∈ E}while its closed neighborhood is given by N[v] = N(v) ∪ {v}. For a set S ⊆ V , N(S) =⋃v∈S N(v)
and N[S] = N(S) ∪ S. Hence, the set S is a DS if N[S] = V , while S is a TDS if N(S) = V . For disjoint subsets U andW of V ,
we let [U,W ] denote the set of all edges of G joining a vertex of U and a vertex ofW . We denote the degree of a vertex v in
G by dG(v), or simply by d(v) if the graph G is clear from the context. The diameter of G, denoted diam(G), is the maximum
distance between two vertices of G. A path on n vertices is denoted by Pn, while a cycle on n vertices is denoted by Cn. The
girth g(G) is the length of a shortest cycle in G.
A leaf or end-vertex of G is a vertex of degree 1, while a support vertex of G is a vertex adjacent to a leaf. A support vertex
that is adjacent to at least two leaves we call a strong support vertex. A k-support vertex is a support vertex that is adjacent to
exactly k leaves. We call an edge of a graph incident with an end-vertex a pendant edge of the graph. A star is the tree K1,n−1
of order n ≥ 2. A subdivided star is a star where each edge is subdivided exactly once. A tree is a double star if it contains
exactly two vertices that are not leaves; if one of these vertices is adjacent to r leaves and the other to s leaves, then we
denote the double star by S(r, s). For k ≥ 1, the k-corona of a graph H is the graph of order (k+ 1)|V (H)| obtained from H
by attaching a path of length k to each vertex of H so that the resulting paths are vertex disjoint. In particular, the 1-corona
of H , also called the corona of H and denoted by H ◦ K1, is obtained from H by adding a pendant edge to each vertex of H .
1.2. Paired domination and locating sets in graphs
In this section we consider three different variations of paired-domination and locating sets in graphs. We begin by
mentioning variations of dominating and locating sets which occur in the literature.
Slater [21,22] defined a locating-dominating set in a connected graph G to be a dominating set S of G such that for every
two distinct vertices u and v in V \ S, N(u) ∩ S 6= N(v) ∩ S. This concept is studied in [4,5,19,21–23] and elsewhere.
Gimbel et al. [7] defined a set S to be a differentiating dominating set, abbreviated DDS, if S is a DS and for every pair of
distinct vertices u and v in V ,N[u]∩S 6= N[v]∩S. The differentiating domination number, denoted γD(G), ofG is theminimum
cardinality of a DDS of G.
Henning and Oellermann [16] merged the concepts of a locating set and a dominating set by defining themetric-locating-
dominating set in a connected graph G to be a set of vertices of G that is both a dominating set and a locating set in G.
Haynes et al. [11] extended these definitions to use total domination and we now consider analogous extensions to
paired-dominating sets.
Let S be a PDS in a connected graph G. We call the set S a
• locating-paired-dominating set, abbreviated LPDS, if for every pair of distinct vertices u and v in V \S,N(u)∩S 6= N(v)∩S;
• differentiating-paired-dominating set, abbreviated DPDS, if for every pair of distinct vertices u and v in V , N[u] ∩ S 6=
N[v] ∩ S;
• metric-locating-paired-dominating set, abbreviated MLPDS, if S is also a locating set in G.
The locating-paired-domination number of G, denoted γ Lpr(G), is the minimum cardinality of a LPDS of G. A LPDS of
cardinality γ Lpr(G)we call a γ
L
pr(G)-set.
The differentiating-paired-domination number of G, denoted γ Dpr(G), is the minimum cardinality of a DPDS of G. A DPDS of
cardinality γ Dpr(G)we call a γ
D
pr(G)-set.
Themetric-location-paired-domination number ofG, denoted γMpr (G), is theminimumcardinality of aMLPDS inG. AMLPDS
in G of cardinality γMpr (G)we call a γ
M
pr (G)-set.
We remark that our terminology used for paired-domination and locating in graphs is similar to that used for domination
and locating in graphs, as well as for total domination and locating in graphs. For example, a locating-total-dominating set in
a graph G is abbreviated by LTDS and theminimum cardinality of a LTDS of G is denoted by γ Lt (G), while a LTDS of cardinality
γ Lt (G) is called a γ
L
t (G)-set, etc.
2. Locating-paired-dominating sets
We have two immediate aims in this section. Our first aim is to investigate which graphs possess a locating-paired-
dominating set. Our second aim is to establish bounds for the locating-paired-domination number of such graphs in terms
of their order.
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(a) S(3, 3). (b) K2,4 . (c) K ∗2,4 .
Fig. 1. Graphs that do not possess a LPDS.
2.1. Which graphs possess a LPDS?
If a graph has a LPDS, then such a set is also a PDS of the graph implying that γ Lpr(G) ≥ γpr(G) for all such graphs G. In the
special case when G is a path, every PDS of G is also a LPDS of G. Thus the locating-paired-domination number of a path Pn
on n vertices is precisely its paired-domination number which is computed, for example, in [14].
Proposition 1 ([14]). For n ≥ 2, γ Lpr(Pn) = γpr(Pn) = 2
⌈ n
4
⌉
.
Not every graph with no isolated vertex has a LPDS. Examples of graphs that do not possess a LPDS include a double star
S(3, 3) (Fig. 1(a)), a complete bipartite graph K2,4 (Fig. 1(b)), and the graph K ∗2,4 obtained from K2,4 by adding an edge joining
the two degree-4 vertices (Fig. 1(c)).
The following result characterizes trees that possess a LPDS.
Proposition 2. A tree T has a LPDS if and only if every support vertex of T is adjacent to at most two leaves.
Proof. First we consider the necessity. Suppose that T has a LPDS S. Since S is a PDS, the set S contains every support vertex
of T and at most one leaf-neighbor of every support vertex. Hence if T has a support vertex v that is adjacent to three or
more leaves, then at least two leaf-neighbors x and y of v are not in S. But then N(x) ∩ S = {v} = N(y) ∩ S, a contradiction.
Hence, every support vertex of T is adjacent to at most two leaves. This establishes the necessity.
To prove the sufficiency, suppose that every support vertex of T is adjacent to at most two leaves. Among all maximum
matchings in T , let M be one that contains as many pendant edges as possible. If there is a support vertex v of T that is
not incident with a pendant edge that belongs to M , then we can remove from M the edge incident with v and replace it
with a pendant edge incident with v to produce a new maximum matching containing more pendant edges than does M ,
a contradiction. Hence, every support vertex of T is incident with a pendant edge that belongs to M . Let S be the set of M-
matched vertices of T . The set S is thus a PDS. If there exist two distinctM-unmatched vertices u and v (and so, {u, v} ⊆ V \S)
such that N(u) ∩ S = N(v) ∩ S, then since T has no cycles, u and v have exactly one vertex w in common. Since every M-
unmatched vertex is only adjacentwithM-matched vertices, it follows that both u and v are leaf-neighbors ofw. As observed
earlier, there is a leaf-neighbor ofw that isM-matched, implying that the support vertexw has at least three leaf-neighbors,
a contradiction. Hence for every two distinct vertices u and v in V \ S, N(u) ∩ S 6= N(v) ∩ S. Thus the set S is a LPDS. 
We establish next a sufficient condition for a graph with minimum degree at least 2 to possess a LPDS. We call a C4 a
quadrilateral and K4 − e a diamond. If G does not contain a graph F as an induced subgraph, then we say that G is F-free. In
particular, we say a graph is quadrilateral-free if it is C4-free and diamond-free if it is (K4 − e)-free.
Proposition 3. Every quadrilateral-free and diamond-free graph with minimum degree at least two has a LPDS.
Proof. LetG be a (C4, K4−e)-free graphwith δ(G) ≥ 2. LetM be amaximummatching inG and let S be the set ofM-matched
vertices ofG. The set S is thus a PDS. Assume that there exist twodistinct vertices u and v inV\S such thatN(u)∩S = N(v)∩S.
Since every vertex in V \ S is an M-unmatched vertex, it is adjacent only with M-matched vertices and therefore, by the
minimum degree condition, is adjacent to at least two vertices of S. Let x and y be two neighbors of u (and v) in S. If xy is an
edge of G, then G[{u, v, x, y}] induces a diamond K4 − e, while if xy is not an edge of G, then G[{u, v, x, y}] induces a 4-cycle
C4. Both cases produce a contradiction. Hence for every two distinct vertices u and v in V \ S, N(u)∩ S 6= N(v)∩ S. Thus the
set S is a LPDS. 
As a special case of Proposition 3 we remark that every quadrilateral-free bipartite graph with minimum degree at least
two has a LPDS.
Given any graph F , we can construct a graph GF by attaching to every vertex in F a pendant edge. The graph F is an
induced subgraph of GF and V (GF ) is a LPDS of GF . We thus have the following result.
Proposition 4. There is no induced subgraph characterization of graphs that have a LPDS.
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2.2. Lower bounds
In this section, we establish lower bounds on the locating-paired-domination number of a graph in terms of its order.
Proposition 5. If G is a connected graph of order n ≥ 2 which has a LPDS, then
γ Lpr(G) ≥ blog2 nc,
and this bound is sharp.
Proof. Let S be a γ Lpr(G)-set. Then, |S| = k for some even integer k ≥ 2. For each v ∈ V \ S, let Nv = N(v) ∩ S. Then, Nv is
a non-empty subset of the k-element set S. Since there are 2k − 1 distinct non-empty subsets of a k-element set, and since
Nu 6= Nv for every pair of distinct vertices u and v in V \ S, we have that n− k = |V \ S| ≤ 2k − 1. Hence, n ≤ 2k + k− 1.
For k ≥ 2, we have that k− 1 < 2k, and so n < 2 · 2k = 2k+1. Thus, k > (log2 n)− 1, implying that γ Lpr(G) = k ≥ blog2 nc.
That this bound is sharp, may be seen as follows. Consider the bipartite graph Gk formed by taking as one partite set a set
S of k elements, where k ≥ 2 is even, and as the other partite set all the distinct non-empty subsets of S, and joining each
element of S to those subsets it is a member of. Finally, let G be obtained from Gk by adding the edges of a perfect matching
to the elements of S, and so G[S] = k2K2. Then, G has order n = k+ 2k − 1 and γ Lpr(G) = |S| = k = blog2 nc. 
If we fix the maximum degree of the graph, then the lower bound in Proposition 5 can be improved.
Proposition 6. If G is a graph of order n ≥ 3 and maximum degree ∆ ≥ 2 which has a LPDS, then
γ Lpr(G) ≥
2n
∆+ 2 ,
and this bound is sharp for a given∆ ≥ 2 and γ Lpr(G) ≥ ∆− 1.
Proof. Let S be a γ Lpr(G)-set of cardinality k. We count the number of edges |[S, V \ S]| between S and V \ S. Let L1 denote
the set of all vertices in V \ S that are adjacent to exactly one vertex in S, and let L≥2 denote the set of vertices in V \ S
that are adjacent to at least two vertices in S. Let |L1| = `, and so |L≥2| = n − |S| − |L1| = n − k − `. Since S is a
LPDS of G, no two vertices in L1 have the same neighbor in S, and so ` ≤ k. Since every vertex in L1 is incident with
exactly one edge in [S, V \ S], while every vertex in L≥2 is incident with at least two edges in [S, V \ S], we have that
|[S, V \ S]| ≥ |L1| + 2|L≥2| = `+ 2(n− k− `) = 2n− 2k− ` ≥ 2n− 3k. However, every vertex in S is adjacent to at least
one other vertex in S and therefore, by the maximum degree condition, is adjacent to at most∆− 1 vertices in V \ S. Hence,
|[S, V \ S]| ≤ k(∆ − 1). Consequently, 2n − 3k ≤ k(∆ − 1), or, equivalently, k ≥ 2n/(∆ + 2). The desired bound follows
since γ Lpr(G) = |S| = k.
To observe that the bound is sharp, suppose we are given ∆ ≥ 2 and γ Lpr(G) = k ≥ ∆ − 1, k an even integer. Let G′ be
the graph constructed by attaching a pendant edge to every vertex in the graph k2K2. Construct G by choosing k(∆ − 2)/2
2-element subsets of the set of vertices of degree two in G′ such that each of these vertices is in exactly∆−2 such 2-element
subsets. We can always choose such 2-element subsets since k ≥ ∆ − 1 and so k(∆ − 2)/2 ≤
(
k
2
)
. For each of these 2-
element subsets, add a vertex to G′ and join it to the two vertices in the 2-element subset. The vertices of degree two in G′
form a γ Lpr(G)-set of cardinality k and G has maximum degree ∆. The graph G has order 2k + (∆ − 2)k/2 vertices and so
k = 2n/(∆+ 2). 
We show next that if we restrict our attention to trees, then the lower bound in Proposition 5 can be significantly
improved. We present two lower bounds on the locating-paired-domination number of a tree in terms of its order and
its number of leaves and support vertices. The first lower bound we present is based on a bound due to Chellai [2]. Let T1
be the family of trees that can be obtained from k disjoint copies of P3 and P4 by first adding k − 1 edges in such a manner
that they are incident only with support vertices and the resulting graph is connected, and then subdividing each new edge
exactly once.
Proposition 7. If T is a tree of order n ≥ 2 with ` leaves and s support vertices and which has a LPDS, then
γ Lpr(T ) ≥
2
5
(n+ `− s+ 1),
with equality if and only if T ∈ T1.
Proof. Let T be a tree of order n ≥ 2 which has a LPDS. Since every LPDS of a graph is also a LTDS of the graph, we have that
γ Lpr(G) ≥ γ Lt (G) for all graphs G that have a LPDS. In particular, γ Lpr(T ) ≥ γ Lt (T ). By a result due to Chellai [2], we have that
γ Lt (T ) ≥ 25 (n + ` − s + 1), with equality if and only if T ∈ T1. If T1 ∈ T1, then every minimum LTDS consists of the set of
support vertices of T1 and one leaf-neighbor of every strong support vertex of T1. However such a set is also a LPDS of T1,
whence γ Lpr(T1) ≤ γ Lt (T1) = 25 (|V (T1)| + `(T1)− s(T1)+ 1). Consequently, γ Lpr(T1) = 25 (|V (T1)| + `(T1)− s(T1)+ 1). Hence,
γ Lpr(T ) ≥ 25 (n+ `− s+ 1), with equality if and only if T ∈ T1. 
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We remark that as a consequence of Proposition 7, we have that if T is a tree of order n ≥ 2 which has a LPDS, then
γ Lpr(T ) ≥ 25 (n+ 1), with equality if and only if T ∈ T ′1 , where T ′1 is the subfamily of T1 obtained from k disjoint copies of P4.
The second lower bound we present is based on a bound in [11]. Let T2 (respectively, T ′2 ) be the family of trees T that
can be obtained from any tree T ′ by attaching at least two (respectively, exactly two) leaves to each vertex of T ′ and, if T ′ is
nontrivial, subdividing each edge of T ′ exactly once. Note that the family T ′2 of trees is a subset of the family T2 of trees.
Proposition 8. If T is a tree of order n ≥ 2 with ` leaves and s support vertices and which has a LPDS, then
γ Lpr(T ) ≥
n+ 2(`− s)+ 1
3
,
with equality if and only if T ∈ T ′2 .
Proof. By Theorem 3 in [11], we have that γ Lt (T ) ≥ (n + 2(` − s) + 1)/3, with equality if and only if T ∈ T2. The desired
lower bound follows readily from the observation that γ Lpr(T ) ≥ γ Lt (T ). If T ∈ T2 \ T ′2 , then there is a support vertex in T
that is adjacent to at least three leaves, and so, by Proposition 2, T has no LPDS, a contradiction. Hence, T ∈ T ′2 . But then
every minimum LTDS of T consists of all support vertices of T and one leaf-neighbor of every support vertex of T . However
such a set is also a LPDS of T , whence γ Lpr(T ) = γ Lt (T ) = (n+ 2(`− s)+ 1)/3. Consequently, γ Lpr ≥ (n+ 2(`− s)+ 1)/3,
with equality if and only if T ∈ T ′2 . 
2.3. Upper bounds
In this section, we establish upper bounds on the locating-paired-domination number of a graph in terms of its order.
Proposition 9. If G is a connected graph of order n ≥ 2 that has a LPDS, then γ Lpr(G) ≤ n, with equality if and only if G = Kn
and n is even.
Proof. Clearly, γ Lpr(G) ≤ n. Suppose γ Lpr(G) = n. Let S be a γ Lpr(G)-set. Then, |S| = n and G has a perfect matching, and so
n is even. Let n = 2k and let S = ∪ki=1{ui, vi} where ui and vi are paired in S. For i = 1, 2, . . . , k, let Si = ∪ij=1{uj, vj} and
let Gi = G[Si]. In particular, G = Gk. Since G is connected, we may assume, by renaming vertices if necessary, that Gi is
connected for all i = 1, 2, . . . , k.
We show thatGi = K2i for all i = 1, 2, . . . , k.Weproceed by induction on i.When i = 1,G1 = K2. This establishes the base
case. Assume, then, that 1 < i ≤ k and that Gj = K2j for all 1 ≤ j < i. We show that Gi = K2i. By induction, Gi−1 = K2(i−1).
Since Gi is connected, wemay assume for notational convenience that v1vi ∈ E(G). Since the set S ′ = S \{u1, ui} is a PDS of G
but not a LPDS of G, we have that N(u1)∩ S ′ = N(ui)∩ S ′. Since V (Gi−1)\ {u1} ⊆ N(u1)∩ S ′ and vi ∈ N(ui)∩ S ′, we therefore
have that u1 is adjacent to vi, and that ui is adjacent to every vertex of Gi−1, except possibly for u1. In particular, u1vi ∈ E(G)
and uiv1 ∈ E(G). Similarly, considering the set S \ {u1, vi}, we have that u1ui ∈ E(G) and that vi is adjacent to every vertex
of Gi−1. Hence, Gi = K2i. Thus, by induction, Gi = K2i for all i = 1, 2, . . . , k. In particular, G = Gk = K2k = Kn. 
As a consequence of Proposition 9, we have the following result.
Corollary 10. If G 6= Kn is a connected graph of order n ≥ 2 that has a LPDS, then γ Lpr(G) ≤ n− 1, and this bound is sharp even
for arbitrarily large minimum degree.
Proof. By Proposition 9, γ Lpr(G) ≤ n − 1 for G 6= Kn. To see that this bound is sharp even for arbitrarily large minimum
degree, let δ ≥ 2 be a fixed even integer. Let Gδ be obtained from k disjoint copies of Kδ by adding a new vertex v and joining
v to every other vertex. Then, Gδ is a connected graph of order n = kδ + 1 with minimum degree δ. Let S be a LPDS of Gδ . If
v 6∈ S, then S must contain every other vertex of G. If v ∈ S, then S must contain every vertex from those copies of Kδ that
do not contain the partner of v in S and S must contain all except one vertex in the copy of Kδ that contain the partner of v.
In both cases, |S| = n− 1. Hence, γ Lpr(Gδ) = n− 1. 
Recall that a subdivided star is a star where each edge is subdivided exactly once. Let K ∗1,r denote the subdivided star with
r leaves. Hence, K ∗1,r is the tree obtained from a star K1,r , r ≥ 1, by subdividing every edge exactly once. For a positive integer
r , let S2,r denote the tree obtained from a star K1,r+2 by subdividing r edges of the star exactly once. We next consider the
upper bound for the locating-paired-domination number of a tree.
Proposition 11. If T is a tree of order n ≥ 3which has a LPDS, then γ Lpr(T ) ≤ n−1, with equality if and only if T is a subdivided
star or T = S2,r for some positive integer r.
Proof. By Proposition 9, γ Lpr(T ) ≤ n−1. To characterize the trees achieving equality in this bound, we proceed by induction
on the order n ≥ 3 of a tree T with γ Lpr(T ) = n − 1. If n = 3, then T = P3 = K ∗1,1. This establishes the base case. For the
inductive hypothesis, let n ≥ 4 and assume that if T ′ is a tree of order n′, where 3 ≤ n′ < n, satisfying γ Lpr(T ′) = n′ − 1,
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a b
Fig. 2. Two trees that have no DPDS.
Table 1
γ Dpr(Pn) for small n.
n 4 5 6 7 8 9
γpr(Pn) 4 4 4 6 6 8
then T ′ = K ∗1,r or T ′ = S2,r for some integer r ≥ 1. Let T be a tree of order n satisfying γ Lpr(T ) = n− 1. Since γ Lpr(T ) is always
even, we note that n is odd.
If T has two or more strong support vertices, then since every LPDS of T contains exactly one leaf neighbor of every
strong support vertex, it follows that γ Lpr(T ) ≤ n− 2, a contradiction. Hence, T contains at most one strong support vertex.
By Proposition 2, if such a strong support vertex exists, it has exactly two leaf neighbors. Hence since n ≥ 4, the tree T has
at least two support vertices.
Let P be a longest path in T . If P has length 2, then T = P = P3, a contradiction. Hence, P has length at least 3. By the
maximality of P and since T contains at most one strong support vertex, at least one of the two support vertices on the path
P has degree exactly 2 in T . Let v be such a support vertex of P and let u be its leaf neighbor. Let w be the neighbor of v
different from u, and let T ′ = T − {u, v}.
The subgraph T ′ is a tree of odd order n′ = n − 2. By Proposition 9, γ Lpr(T ′) ≤ n′ − 1. If γ Lpr(T ′) < n′ − 1, then every
γ Lpr(T
′)-set can be extended to a LPDS of T ′ by adding to it the pair {u, v}, implying that γ Lpr(T ) ≤ γ Lpr(T ′)+2 < n′+1 = n−1,
a contradiction. Hence, γ Lpr(T
′) = n′ − 1. Applying the inductive hypothesis to T ′, we have that T ′ = K ∗1,r or T ′ = S2,r for
some integer r ≥ 1.
Suppose T ′ = K ∗1,r . If w is a support vertex of T ′, then γ Lpr(T ) < n− 1, a contradiction. If w is a leaf of T ′ and r ≥ 2, then
γ Lpr(T ) < n − 1, a contradiction. If w is a leaf of T ′ and r = 1, then T is the subdivided star K ∗1,2. Hence we may assume
thatw is the central vertex of the subdivided star T ′ and that r ≥ 2. But then T is the subdivided star K ∗1,r+1. Hence we may
assume that T ′ is not a subdivided star. Thus, T ′ = S2,r for some integer r ≥ 2. If w is a leaf of T ′ or a support vertex of
T ′ different from the central vertex of T ′, then γ Lpr(T ) < n − 1, a contradiction. Hence, w must be the central vertex of T ′,
whence T = S2,r+1. 
3. Differentiating-paired-dominating sets
Not all graphs possess a DPDS. It is observed in [15] that a tree containing a vertex with three or more leaf-neighbors has
no DPDS. Even if every vertex of a tree is adjacent to at most two leaves, the tree does not necessarily have a DPDS. The tree
shown in Fig. 2(a) obtained from the disjoint union of two stars K1,3 by identifying a leaf from each star into a new common
vertex is an example of such a tree that has no DPDS. The tree shown in Fig. 2(b) obtained from the disjoint union of two
stars K1,3 by adding a new vertex and joining it to a leaf from each star is another example of such a tree that has no DPDS.
A constructive characterization of those trees which do not possess a DPDS is presented in [15]. As a consequence of
this characterization, we remark that every tree of order at least 4 that has no strong support vertex has a DPDS. We now
determine the differentiating-paired-domination number of a path on at least four vertices.
Proposition 12. For n ≥ 4,
γ Dpr(Pn) =

4
⌊n
6
⌋
+ 4 if n ≡ 5 (mod 6)
4
⌊n
6
⌋
+ 2
⌈
n mod 6
2
⌉
otherwise.
Proof. We proceed by induction on n ≥ 4. For 4 ≤ n ≤ 9, it is a simple exercise to determine the value of γ Dpr(Pn) (see
Table 1) and thereby establish the base cases.
Let n ≥ 10 and assume that the result holds for all paths of order less than n. Let P be the path v1v2 . . . vn of order n and
let P ′ = P−{v1, v2, . . . , v6}. We show that γ Dpr(P) = γ Dpr(P ′)+4. Every γ Dpr(P ′)-set can be extended to a DPDS of P by adding
to it the vertices in the set {v2, v3, v4, v5}, and so γ Dpr(P) ≤ γ Dpr(P ′)+ 4. To prove the reverse inequality, let S be a γ Dpr(P)-set
and let S ′ = S ∩ V (P ′). If S = V (P), then n ≥ 10 is even and S \ {v1, vn} is a DPDS of P , contradicting the minimality of S.
Hence, S 6= V (P). If v1 ∈ S, then we can replace v1 in S by the vertex vj of smallest subscript that is not in S to produce a new
γ Dpr(T )-set. Hence we may choose S so that v1 6∈ S. With this assumption, {v2, v3, v4, v5} ⊆ S (with v2 paired with v3, and
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with v4 paired with v5). Suppose v6 ∈ S. Then, v7 ∈ S with v6 and v7 paired. If v9 6∈ S, then v8 6∈ S, and we can replace the
pair {v6, v7} in S with the pair {v8, v9} to produce a new γ Dpr(T )-set. Hence we may assume that v9 ∈ S. Note that if v8 ∈ S,
then v9 is paired with v8, while if v8 6∈ S, then v9 is paired with v10. In any event, we can replace v6 in S by the vertex vi of
smallest subscript such that i ≥ 8 that is not in S to produce a new γ Dpr(T )-set. Hence, we may assume that v6 6∈ S. But then
S ′ is a DPDS of P ′, and so γ Dpr(P ′) ≤ |S ′| = |S| − 4 = γ Dpr(P) − 4. Consequently, γ Dpr(P) = γ Dpr(P ′) + 4. Hence, since P ∼= Pn
and P ′ ∼= Pn−6, the desired result now follows by applying the inductive hypothesis to the path P ′. 
We establish next a sufficient condition for a graph with minimum degree at least 2 to possess a DPDS.
Proposition 13. Every graph with minimum degree at least 2 and girth at least 5 has a DPDS.
Proof. Let G be a graph with δ(G) ≥ 2 and girth g(G) ≥ 5. Let M be a maximum matching in G and let S be the set of
M-matched vertices of G. We claim that S is a DPDS of G. The set S is a PDS of G. Assume that there exist distinct vertices u
and v in G such that N[u]∩S = N[v]∩S. We first consider the case where u and v are both in S and are thus adjacent. If both
u and v are adjacent to vertices not in S, then they are only adjacent to common vertices not in S, since M is a maximum
matching. Hence, G has a triangle, contradicting g(G) ≥ 5. Thus at least one of u and v, say v, is only adjacent to vertices in
S. By the minimum degree condition, v must be adjacent to a vertex w 6= u in S. Since N[u] ∩ S = N[v] ∩ S, the vertex u is
also adjacent tow, and so the vertices u, v, andw, form a triangle in G, contradicting g(G) ≥ 5.
We next consider the case where u is in S and v in V \ S. Since N[u] ∩ S = N[v] ∩ S the vertex v is adjacent to both u and
the partner u′ of u in S. But then u, u′, and v form a triangle, contradicting g(G) ≥ 5. Lastly, we consider the case where both
u and v are in V \ S. SinceM is a maximummatching, V \ S is an independent set and so, by the minimum degree condition,
u is adjacent to distinct vertices x and y in S. But N[u] ∩ S = N[v] ∩ S and so v is also adjacent to x and y. Hence, u, x, v, and
y form a 4-cycle in G, contradicting g(G) ≥ 5. Hence for every two distinct vertices u and v in V (G), N[u] ∩ S 6= N[v] ∩ S.
Thus the set S is a DPDS of G. 
Given an arbitrary graph F with no isolated vertices, we can construct a graph GF by attaching a pendant edge to every
vertex in F . The graph F is an induced subgraph of GF and V (GF ) is a DPDS of GF . We thus have the following result.
Proposition 14. There is no induced subgraph characterization of graphs that have a DPDS.
3.1. Lower bounds
In this section we establish lower bounds on the differentiating-paired-domination number of a graph in terms of its
order.
If a graph has a DPDS, then such a set is also a LPDS of the graph, implying that γ Lpr(G) ≤ γ Dpr(G) for all such graphs G. We
thus have the following result.
Proposition 15. If G is a connected graph of order n ≥ 4 which has a DPDS, then
γ Dpr(G) ≥ blog2 nc,
and this bound is sharp.
Proof. By Proposition 5, we have that γ Lpr(G) ≥ blog2 nc for all graphs G of order n ≥ 3which have a LPDS. The desired lower
bound follows readily from the observation that γ Dpr(G) ≥ γ Lpr(G) for all graphs G having a DPDS. That this bound is sharp
may be seen as follows. Consider the bipartite graph Gk formed by taking as one partite set, the set S of k elements, where
k ≥ 2 is even, and as the other partite set all the distinct non-empty subsets of S, and joining each element of S to those
subsets of which it is a member. Finally, let G be obtained from Gk by adding the edges of a perfect matching to the elements
of S and adding the minimum number of edges to ensure that every component of G[S] contains at least four vertices. Then,
G has order n = k+ 2k − 1 and γ Dpr(G) = |S| = k = blog2 nc. 
If we fix the maximum degree of the graph, then the lower bound in Proposition 15 can be improved.
Proposition 16. If G is a graph of order n ≥ 4 and maximum degree ∆ ≥ 2 which has a DPDS, then
γ Dpr(G) ≥
4n
2∆+ 3 ,
and this bound is sharp for a given∆ ≥ 2 and γ Dpr(G) ≥ ∆− 1.
Proof. Let S be a γ Dpr(G)-set, with |S| = k. We count the number of edges |[S, V \ S]| between S and V \ S. Let L1 denote
the set of all vertices in V \ S that are adjacent to exactly one vertex in S, and let L≥2 denote the set of vertices in V \ S
that are adjacent to at least two vertices in S. Let |L1| = `, and so |L≥2| = n − |S| − |L1| = n − k − `. Since S is a
DPDS of G, no two vertices in L1 have the same neighbor in S, and so ` ≤ k. Since every vertex in L1 is incident with
exactly one edge in [S, V \ S], while every vertex in L≥2 is incident with at least two edges in [S, V \ S], we have that
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|[S, V \ S]| ≥ |L1| + 2|L≥2| = ` + 2(n − k − `) = 2n − 2k − ` ≥ 2n − 3k. Let S1 be the vertices in S of degree 1 in G[S],
and let S2 = S \ S1. Since G[S] contains a perfect matching, all the vertices in S are adjacent to at least one other vertex in
S. Since G[S] contains no K2-components, at least half of the vertices in S are adjacent to at least two vertices in S and thus
|S1| ≤ k/2. Hence,
2|E(G[S])| =
∑
v∈S1
dG[S](v)+
∑
v∈S2
dG[S](v)
≥ |S1| + 2|S2|
= 2|S| − |S1|
≥ 2k− k/2
= 3k/2.
Hence, by themaximumdegree condition, |[S, V \S]| ≤ k∆−2|E(G[S])| ≤ k∆−3k/2. As shownearlier, 2n−3k ≤ |[S, V \S]|.
Consequently, 2n− 3k ≤ k∆− 3k/2, or equivalently, k ≥ 4n/(2∆+ 3). Hence, γ Dpr(G) ≥ 4n/(2∆+ 3).
We observe that the bound is sharp as follows. Suppose that we are given ∆ ≥ 2 and γ Dpr(G) = k ≥ ∆ − 1,
k an even integer. Let G′ consist of k disjoint copies of a corona P4 ◦ K1. Construct the graph G as follows. Choose
((∆ − 2)(k/2) + (∆ − 3)(k/2))/2 = (2k∆ − 5k)/4 2-element subsets of vertices with degree 2 or 3 in G′ such that
every vertex of degree 2 in G′ is in∆−2 such subsets and every vertex of degree 3 in G′ is in∆−3 such subsets. It is always
possible to choose such subsets since k ≥ ∆ − 1 with k an even integer, and so (2k∆ − 5k)/4 ≤
(
k
2
)
. For each 2-element
subset add a vertex to G′ and join it to the two elements in the subset. The maximum degree of G is∆ and the order of G is
2k+ (2k∆− 5k)/4, and so k = 4n/(2∆+ 3). 
We next show that if we restrict our attention to trees, then the lower bound in Proposition 15 can be significantly
improved. The proof of the following lower bound is based on a proof of Theorem 2 (a lower bound on the locating-total-
domination number of a tree in terms of its order) in [11]. Let T3 be the family of trees that can be obtained from k disjoint
copies of a corona P4 ◦ K1 by first adding k− 1 edges in such a manner that they are incident only with support vertices and
the resulting graph is connected, and then subdividing each new edge with a single vertex. Note that if T ∈ T3, then T has a
DPDS.
Proposition 17. If T is a tree of order n ≥ 4 which has a DPDS, then
γ Dpr(T ) ≥
4
9
(n+ 1),
with equality if and only if T ∈ T3.
Proof. Let T be a tree of order n ≥ 4which has a DPDS. Let S be a γ Dpr(T )-set and let T1, T2, . . . , Tk be the components of T [S].
Since every component of T [S] has at least four vertices, |S| ≥ 4k, and so k ≤ |S|/4. Let P be the set of all S-external private
neighbors of vertices in S. Since every vertex of S has at most one S-external private neighbor, |P| ≤ |S|. Let R = V \ (S ∪ P),
and let |R| = r . Let K be a set of k vertices corresponding to the components of T [S]. Let F be a forest of order k + r with
V (F) = K ∪ R where two vertices in R are adjacent in F if and only if they are adjacent in T , and where u ∈ K is joined to
v ∈ R if and only if vertex v is adjacent in T to a vertex in the component of T [S] corresponding to u. Since each vertex of
R is adjacent to at least two vertices in S, we have that |E(F)| ≥ 2|R| = 2r , and so k + r = |V (F)| ≥ |E(F)| + 1 ≥ 2r + 1.
Thus, r ≤ k− 1. Hence, n− |S| = |V \ S| = |P| + |R| ≤ |S| + (k− 1) ≤ 5|S|/4− 1, and so n ≤ 9|S|/4− 1. Consequently,
γ Dpr(T ) = |S| ≥ 4(n+ 1)/9.
This bound is sharp if and only if equality is achieved in each of the above equalities. In particular, k = |S|/4 implying
that each component of T [S] is a P4. Also, r = k − 1. It follows that R is an independent set and that T [R ∪ S] is a tree in
which each vertex in R has degree 2. Moreover, |P| = |S|, and so, since T [R ∪ S] is a tree, T [P ∪ S] is the union of k disjoint
copies of a corona P4 ◦ K1 where each vertex of P is a leaf of T . Hence, T ∈ T3. 
Next we present a lower bound on the differentiating-paired domination number of a tree in terms of its order and the
number of support vertices. Let T4 be the family of trees T that can be obtained as follows. Let F be the forest consisting
of disjoint copies of P4. Let T1 be obtained from F by adding edges between vertices in distinct components of F such that
the resulting graph is a tree and then subdividing each added edge twice. Let T be obtained from T1 by adding exactly one
pendant edge to any number of vertices in T1 such that each vertex in V (F) has degree at least 2 in T .
Proposition 18. If T is a tree of order n ≥ 4 with s support vertices and which has a DPDS, then
γ Dpr(T ) ≥
2(n− s+ 2)
3
,
with equality if and only if T ∈ T4.
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Proof. Let S be a γ Dpr(T )-set with |S| = k. Let L be the set of leaves in T with |L| = ` and let s be the number of support
vertices. Since T has a DPDS every support vertex of T is adjacent to at most two leaf neighbors. There are thus `− s support
vertices adjacent to exactly two leaves. Every support vertex of T is in S and every 2-support vertex of T has exactly one leaf
neighbor in S. Consequently, there are at least `− s leaves in S and so at most `− (`− s) = s leaves in V \ S.
LetQ = V\(S∪L)with |Q | = q. For each component Ti, 1 ≤ i ≤ r , of T [S], we associate a vertex ci and letR = {c1, . . . , cr}.
Let T ′ be the tree with vertex set R∪Q where vertices in Q are adjacent in T ′ if and only if they are adjacent in T andwhere a
vertex v ∈ Q is adjacent to ci if and only if v is adjacent in T to a vertex in Ti. LetQ1 be the set of vertices ofQ that are adjacent
to exactly one vertex of R in T ′, and let Q2 = Q \Q1. Let |Q1| = q1 and |Q2| = q2. Since T ′ is a tree, |E(T ′)| = r + q− 1. Since
every vertex in Q has degree at least 2, |E(T ′[Q ])| ≥ q1/2. Thus, r + q− 1 ≥ q1 + 2q2 + |E(T ′[Q ])| ≥ 3q1/2+ 2q2 ≥ 3q/2,
or equivalently, q ≤ 2(r − 1). Hence there are at most 2(r − 1) non-leaf vertices in V \ S.
Every component of T [S] contains at least four vertices since S is a DPDS, and so r ≤ k/4. Consequently, n−k = |V \S| ≤
s+ 2(k/4− 1) = s+ k/2− 2, or, equivalently, k ≥ 2(n− s+ 2)/3. Hence, γ Dpr(T ) ≥ 2(n− s+ 2)/3. The trees that achieve
equality in the bound achieve equality in each of the above inequalities. In particular, T [S] consists of k/4 disjoint copies of
P4, and there are exactly 2(r − 1) non-leaf vertices in V \ S and exactly s leaves in V \ S. Thus, γ Dpr(T ) = 2(n − s + 2)/3 if
and only if T ∈ T4. 
3.2. Upper bounds
In this sectionwe establish upper bounds on the differentiating-paired-domination number of a tree in terms of its order.
Proposition 19. If T 6= P4 is a tree of order n ≥ 4 which has a DPDS, then γ Dpr(T ) ≤ n− 1.
Proof. Assume, to the contrary, that T 6= P4 is a tree of order n ≥ 4with γ Dpr(T ) = n. Then, S = V (T ) is the unique γ Dpr(T )-set.
Hence, every vertex in T is paired in S. In particular, every leaf is paired with the support vertex adjacent to it, implying that
T has no strong support vertex. Let u–v be a longest path in T . Necessarily, u and v are leaves of T . Let u′ be the neighbor of u,
and let v′ be the neighbor of v. Let x be the vertex on the path u–v such that x is a support vertex on the u–v path, different
from u′, at minimumdistance from u (possibly, x = v′). Let x′ be the leaf neighbor of x. As observed earlier, x and x′ are paired
in S. But then the set S ′ = S \ {u, x′} is a DPDS of T satisfying |S ′| < |S|, contradicting the fact that S is a γ Dpr(T )-set. 
We remark that, in general, the corona Kk ◦ K1 of a complete graph Kk, where k ≥ 2, is a graph of order n = 2k that
satisfies γ Dpr(G) = n. It remains an open problem to characterize the graphs G of order n ≥ 4 which have a DPDS and satisfy
γ Dpr(G) = n.
We next characterize the trees T of order n ≥ 5 that achieve equality in the upper bound of Proposition 19. For this
purpose, we introduce three families of trees.
For integers p, q ≥ 0 with p + q ≥ 1, let Tp,q denote the tree obtained from a star K1,p+q by subdividing p of its edges
exactly once and the remaining q edges three times. Note that T1,0 = P3 while T2,0 = T0,1 = P5. If p+ q = 1, then we select
one of the two leaves of Tp,q and call it the pivot vertex of Tp,q, while if p+ q ≥ 2, then we call the central vertex of the star
K1,p+q used to construct Tp,q the pivot vertex of Tp,q.
For p + q ≥ 1, let Tp,q,1 denote the tree obtained from Tp,q by adding two pendant edges to its pivot vertex. We define
the pivot vertex of Tp,q,1 to be the pivot vertex of Tp,q used to construct Tp,q,1.
For p+ q ≥ 0, let Tp,q,2 denote the tree obtained from Tp+1,q by adding two pendant edges to a leaf of Tp+1,q at distance 2
from its pivot vertex. We define the pivot vertex of Tp,q,2 to be the pivot vertex of Tp+1,q used to construct Tp,q,2. Note that
T1,0,1 = T0,0,2 is the double star S(2, 1)which is obtained from a star K1,3 by subdividing one edge once.
Let T5 be the family of trees T such that T = Tp,q for some integers p, q ≥ 0 where p + q ≥ 1 and p ≥ 2 if q = 0, or
T = Tp,q,1 for some integers p, q ≥ 0 and p+ q ≥ 1, or T = Tp,q,2 for some integers p, q ≥ 0.
Proposition 20. If T is a tree of order n ≥ 5 which has a DPDS, then γ Dpr(T ) = n− 1, with equality if and only if T ∈ T5.
Proof. By Proposition 19, γ Dpr(T ) ≤ n − 1 for trees of order n ≥ 5 which have a DPDS. To characterize the trees achieving
equality in this bound we proceed by induction on the order n ≥ 5 of a tree T which has a DPDS with γ Dpr(T ) = n − 1.
If n = 5 and γ Dpr(T ) = 4, then T = P5 or T = S(2, 1). In both cases, T ∈ T5. This establishes the base case. For the
inductive hypothesis, let n ≥ 6 and assume that if T ′ is a tree of order n′, where 5 ≤ n′ < n, which has a DPDS and satisfies
γ Dpr(T
′) = n′ − 1, then T ′ ∈ T5. Let T be a tree of order n ≥ 6 which has a DPDS and satisfies γ Dpr(T ) = n− 1. Since γ Dpr(T ) is
always even, we note that n is odd, and so n ≥ 7.
If T has two or more strong support vertices, then since every DPDS of T contains exactly one leaf neighbor of every
strong support vertex, it follows that γ Dpr(T ) ≤ n− 2, a contradiction. Hence, T contains at most one strong support vertex.
Since T has a DPDS, such a strong support vertex of T has exactly two leaf neighbors. Since n ≥ 6, the tree T has at least two
support vertices. Further, since T has at most one strong support vertex, diam(T ) ≥ 4.
Let P be a longest path in T . Then, |P| ≥ 5 and at least one of the two support vertices on the path P has degree exactly 2
in T . Let v be such a support vertex on P and let u be its leaf neighbor. Let w be the neighbor of v different from u and let x
be the neighbor ofw on P different from v. We now consider two cases, depending on the degree of the vertexw.
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Case 1. dT (w) > 2. Let v′ be a neighbor of w which is not on P . Since P is a longest path in T , the vertex v′ is either a
leaf or a support vertex with w as its only non-leaf neighbor. Let T ′ = T − {u, v}. The subgraph T ′ is a tree of odd order
n′ = n − 2 ≥ 5, and so, by Proposition 19, γ Dpr(T ′) ≤ n′ − 1. Every DPDS of T ′ necessarily contains the vertex w. Hence if
γ Dpr(T
′) < n′ − 1, then every γ Dpr(T ′)-set can be extended to a DPDS of T ′ by adding to it the vertices u and v, implying that
γ Dpr(T ) ≤ γ Dpr(T ′)+ 2 < n′ + 1 = n− 1, a contradiction. Thus, γ Dpr(T ′) = n′ − 1. Applying the inductive hypothesis to T ′, we
have that T ′ ∈ T5. Note that dT ′(w) ≥ 2.
Suppose T ′ = Tp,q. Ifw is not the pivot vertex of T ′, then γ Dpr(T ) ≤ n− 2, a contradiction. Hence,w is the pivot vertex of
T ′, and so T = Tp+1,q ∈ T5.
Suppose T ′ = Tp,q,1. If w is the pivot vertex of T ′, then T = Tp+1,q,1. Suppose that w is not the pivot vertex of T ′. If
T ′ = T0,1,1 and w is the vertex at distance 2 from the pivot vertex, then T = T2,0,2. If T ′ = T0,1,1 and w is not the vertex
at distance 2 from the pivot vertex, or if T ′ 6= T0,1,1, then γ Dpr(T ) ≤ n − 2, a contradiction. Hence if T ′ = Tp,q,1, then either
T = Tp+1,q,1 ∈ T5 or T = T2,0,2 ∈ T5.
Suppose T ′ = Tp,q,2. If w is the pivot vertex of T ′, then T = Tp+1,q,2. Suppose that w is not the pivot vertex of T ′. If
T ′ = T1,0,2 and w is the strong support vertex of T ′ (which is at distance 2 from the pivot vertex), then T = T1,1,1. If
T ′ = T1,0,2 and w is not the strong support vertex of T ′, or if T ′ 6= T1,0,2, then γ Dpr(T ) ≤ n − 2, a contradiction. Hence if
T ′ = Tp,q,2, then either T = Tp+1,q,2 ∈ T5 or T = T1,1,1 ∈ T5.
Hence if dT (w) > 2, then T ∈ T5.
Case 2. dT (w) = 2. Assume that dT (x) > 2. Let T ′ = T −{u, v, w}. Then T ′ is a tree of order n′ = n−3 ≥ 3. If n′ ∈ {3, 4},
then γ Dpr(T ) = 4 ≤ n − 2, a contradiction. Hence, n′ ≥ 5, and so, by Proposition 19, γ Dpr(T ′) ≤ n′ − 1. Let w′ be a neighbor
of x which is not on P . Since P is a longest path in T , we note that every child of w′, if any, is a leaf or a support vertex.
Further if w′ has a child that is a support vertex of degree 2, then we may assume that dT (w′) = 2, for otherwise we are
in Case 1, implying that the vertex x must belong to every DPDS of T ′. If w′ does not have a child that is a support vertex
of degree 2, then since T contains at most one strong support vertex, there is a γ Dpr(T
′)-set that contains x. This implies that
every γ Dpr(T
′)-set can be extended to a DPDS of T by adding to it the pair {v,w}. Hence, γ Dpr(T ) ≤ γ Dpr(T ′)+2 ≤ n′+1 = n−2,
a contradiction. Hence, dT (x) = 2. Let y be the neighbor of x different fromw.
If n = 5, then T = P5 ∈ T5. Hence, since n is odd, we may assume that n ≥ 7. Let T ′ = T − {u, v, w, x}. Then T ′ is a
tree of odd order n′ = n − 4 ≥ 3. If n′ = 3, then T = P7 = T1,1 or T = T0,1,1 (note that T0,1,1 is obtained from a star K1,3
by subdividing one edge three times). In both cases, T ∈ T5. Hence we may assume that n′ ≥ 5, and so, by Proposition 19,
γ Dpr(T
′) ≤ n′ − 1. If γ Dpr(T ′) < n′ − 1, then every γ Dpr(T )-set can be extended to a DPDS of T by adding to it the vertices in the
set {u, v, w, x}, implying that γ Dpr(T ) ≤ γ Dpr(T ′)+ 4 < n′ + 3 = n− 1, a contradiction. Thus, γ Dpr(T ′) = n′ − 1. Applying the
inductive hypothesis to T ′, we have that T ′ ∈ T5.
Suppose T ′ = Tp,q. If y is the pivot vertex of T ′, then T = Tp,q+1. Suppose that y is not the pivot vertex of T ′. If T ′ = T2,0 = P5
and y is a leaf of T ′, then T = P9 = T0,2. If T ′ = T2,0 and y is not a leaf of T ′, then γ Dpr(T ) ≤ n − 2, a contradiction. If
T ′ = T1,1 = P7 and y is the vertex at distance 2 from a leaf in T ′ that is different from the pivot vertex, then T = T1,2. If
T ′ = T1,1 and y is not a vertex at distance 2 from a leaf in T ′, then γ Dpr(T ) ≤ n−2, a contradiction. If T ′ 6= T2,0 and if T ′ 6= T1,1
(and y is not the pivot vertex of T ′), then γ Dpr(T ) ≤ n− 2, a contradiction. Hence if T ′ = Tp,q, then either T = Tp,q+1 ∈ T5 or
T = T1,2 ∈ T5.
Suppose T ′ = Tp,q,1. If y is the pivot vertex of T ′, then T = Tp,q+1,1. Suppose that y is not the pivot vertex of T ′. If
T ′ = T1,0,1 and y is a leaf of T ′ but not a leaf of a strong support vertex, then T = T0,1,2. If T ′ = T1,0,1 and y is not a leaf
of T ′, then γ Dpr(T ) ≤ n − 2, a contradiction. If T ′ = T0,1,1 and y is the vertex at distance 2 from the pivot vertex in T ′, then
T = T1,1,2. If T ′ = T0,1,1 and y is not the vertex at distance 2 from the pivot vertex in T ′, then γ Dpr(T ) ≤ n−2, a contradiction.
If T ′ 6= T1,0,1 and if T ′ 6= T0,1,1 (and y is not the pivot vertex of T ′), then γ Dpr(T ) ≤ n− 2, a contradiction. Hence if T ′ = Tp,q,1,
then either T = Tp,q+1,1 ∈ T5 or T ∈ {T0,1,2, T1,1,2} ⊂ T5.
Suppose T ′ = Tp,q,2. If y is the pivot vertex of T ′, then T = Tp,q+1,2. Suppose that y is not the pivot vertex of T ′. If
T ′ = T1,0,2 and y is the strong support vertex of T ′, then T = T0,2,1. If T ′ = T1,0,2 and y is not the strong support vertex of T ′,
then γ Dpr(T ) ≤ n− 2, a contradiction. If T ′ 6= T1,0,2 (and y is not the pivot vertex of T ′), then γ Dpr(T ) ≤ n− 2, a contradiction.
Hence if T ′ = Tp,q,2, then either T = Tp,q+1,2 ∈ T5 or T = T0,2,1 ∈ T5.
Hence if dT (w) > 2, then T ∈ T5. This completes the proof of Case 2 and Proposition 20. 
4. Metric-locating-paired-dominating sets
We begin by investigating which graphs possess a MLPD.
Proposition 21. Every LPDS of a graph is a MLPDS of the graph.
Proof. Suppose G has a LPDS and let S be such a set. Assume S is not a MLPDS of G. That is, assume that there exist vertices
u and v in G such that cS(u) = cS(v). We must have that u, v ∈ V \ S. Every vertex in N(u)∩ S is at distance one from u and
so, since cS(u) = cS(v), is at a distance one from v. Hence every vertex in N(u) ∩ S is in N(v) ∩ S and similarly every vertex
in N(v) ∩ S is in N(u) ∩ S. Thus N(u) ∩ S = N(v) ∩ S, a contradiction since S is a LPDS. Hence, S is a MLPDS of G. 
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Proposition 22. If G has a MLPDS, then G has a LPDS.
Proof. Suppose G has a MLPDS. Amongst all MLPDSs of G, let S be one of maximum cardinality. Assume S is not a LPDS.
That is, assume that there exist distinct vertices u and v in V \ S such that N(u) ∩ S = N(v) ∩ S. Since cS(u) 6= cS(v), we
have that N(u) 6= N(v). Suppose, without loss of generality, that w ∈ N(u) but w 6∈ N(v). The vertex w is not in S since
N(u)∩S = N(v)∩S. But then S∪{u, w} is aMLPDS ofG of larger cardinality than S, a contradiction. Thus, S is a LPDS ofG. 
We have the following corollaries as an immediate consequence of Propositions 2, 3, 21 and 22.
Corollary 23. A graph G has a MLPDS if and only if G has a LPDS.
Corollary 24. A tree T has a MLPDS if and only if every support vertex has at most two leaf neighbors.
Corollary 25. Every quadrilateral-free and diamond-free graph with minimum degree at least two has a MLPDS.
Since every LPDS of a graph is a MLPDS of the graph, we have that γMpr (G) ≤ γ Lpr(G) for every graph G. As an immediate
consequence of Propositions 9 and 11, and Corollaries 10 and 25, we have the following results on the upper bounds of the
metric-locating-paired-domination number of a graph.
Corollary 26. If G is a connected graph of order n ≥ 2which has a MLPDS, then γMpr (G) ≤ n, with equality if and only if G = Kn
and n is even.
Corollary 27. If G 6= Kn is a connected graph of order n ≥ 2 which has a MLPDS, then γMpr (G) ≤ n− 1, and this bound is sharp
even for arbitrarily large minimum degree.
Corollary 28. If T is a tree of order n ≥ 3which has a MLPDS, then γMpr (T ) ≤ n−1, with equality if and only if T is a subdivided
star or T is obtained from a subdivided star by adding two pendant edges to the central vertex.
Next, we give a lower bound on the metric-locating-paired-domination number of a tree in terms of its order. Let T6 be
the family of trees that can be obtained from q disjoint copies of P4 by adding q − 1 edges between non-leaf vertices such
that the resulting graph is a tree, and then subdividing each new edge twice.
Proposition 29. If T is a tree of order n ≥ 2 which has a MLPDS, then
γMpr (T ) ≥
n+ 2
3
,
with equality if and only if T ∈ T6.
Proof. Let S be a γMpr (T )-set with |S| = k. Since T has a MLPDS, every support vertex of T is adjacent to at most two leaf
neighbors. Every support vertex of T is in S and every 2-support vertex of T has exactly one leaf neighbor in S. Thus every
vertex in S has at most one leaf neighbor in V \ S. Consequently, there are at most k leaves in V \ S.
Let Q be the set of vertices in V \ S that have degree at least 2 in T , and let |Q | = q. For each component Ti, 1 ≤ i ≤ r ,
of T [S], we associate a vertex ci and let R = {c1, . . . , cr}. Let T ′ be the tree with vertex set R ∪ Q where vertices in Q are
adjacent in T ′ if and only if they are adjacent in T and where a vertex v ∈ Q is adjacent to ci if and only if v is adjacent in
T to a vertex in Ti. Let Q1 be the set of vertices of Q that are adjacent to exactly one vertex of R in T ′, and let Q2 = Q \ Q1.
Let |Q1| = q1 and |Q2| = q2. Since T ′ is a tree, |E(T ′)| = r + q − 1. Since every vertex in Q has degree at least 2 in T ,
|E(T ′[Q ])| ≥ q1/2. Thus, r + q− 1 ≥ q1 + 2q2 + |E(T ′[Q ])| ≥ 3q1/2+ 2q2 ≥ 3q/2, or equivalently, q ≤ 2(r − 1). Hence
there are at most 2(r − 1) non-leaf vertices of T in V \ S. Since S is a MLPDS, every component of T [S] contains at least two
vertices, and so r ≤ k/2. Consequently, n− k = |V \ S| ≤ k+ 2(k/2− 1) = 2k− 2, or, equivalently, k ≥ (n+ 2)/3. Hence,
γMpr (T ) ≥ (n+ 2)/3.
The trees that achieve equality in this upper bound achieve equality in each of the above inequalities. In particular, T [S]
consists of k/2 disjoint copies of K2 and there are exactly k leaves of T in V \ S. Further, Q = Q1 and |Q1| = k − 2, and
T [Q ] = (k− 2)K2. Thus, γ Dpr(T ) = (n+ 2)/3 if and only T ∈ T6. 
We next present a lower bound on the metric-locating-paired-domination number of a tree in terms of its order and
number of support vertices. Let T7 be the family of trees T that can be obtained as follows. Let F be the forest consisting
of disjoint copies of K2. Let T1 be obtained from F by adding edges between vertices in distinct components of F such that
the resulting graph is a tree and then subdividing each added edge twice. Let T be obtained from T1 by adding exactly one
pendant edge to any number of vertices in T1 such that no vertex of F is the only leaf neighbor of a support vertex in T .
Proposition 30. If T is a tree of order n ≥ 3 which has a MLPDS, then
γMpr (T ) ≥
n− s+ 2
2
,
with equality if and only if T ∈ T7.
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Proof. The proof is identical to that of Proposition 18, except that there are at least two vertices in each component of the
subgraph of T induced by a γMpr (T )-set. 
Every MLPDS of a graph is also a PDS of the graph, and so γpr(G) ≤ γMpr (G) for every graph G. The following result
characterizes the trees T for which γMpr (T ) = γpr(T ).
Proposition 31. Let T = (V , E) be a nontrivial tree which possesses a MLPDS and let S be the set of 2-support vertices of T . Let
K be the set of non-leaf neighbors of vertices in S. Then γMpr (T ) = γpr(T ) if and only if T satisfies the following two conditions:
(i) The set S is an independent set in T .
(ii) N[S] = V or there exists A ⊆ K such that F = T − (N[S] − A) is a forest with no isolates and with γpr(T ) = γpr(F)+ 2|S|.
Proof. First we consider the necessity. Let T be a tree which possesses a MLPDS and suppose that γpr(T ) = γMpr (T ). Since T
possesses a MLPDS it contains no k-support vertex for k ≥ 3, by Corollary 24. Let D be a γMpr (T )-set. By assumption, the set
D is also a γpr(T )-set.
Let v ∈ S and let v′ be a leaf neighbor of v in D. Suppose v is adjacent to a vertex u ∈ S. Then there exists a leaf neighbor
u′ of u in D since D is a MLPDS. But, D \ {u′, v′} is a PDS of T , a contradiction. Hence, v is adjacent to no other vertex in S, and
so S is an independent set in T . Thus, (i) holds.
Suppose that N[S] 6= V . Let A = D∩K and let F = T − (N[S]\A). Then, DF = D∩V (F) is a PDS of F and |DF | = |D|−2|S|.
It follows that the forest F has no isolated vertex and γpr(F) ≤ |DF |. Any PDS of F can be extended to a PDS of T by adding to
it the set S and one leaf neighbor adjacent to every vertex in S, and so |DF |+2|S| = |D| = γMpr (T ) = γpr(T ) ≤ γpr(F)+2|S| ≤|DF |+ 2|S|. Consequently, we must have equality throughout this inequality chain. In particular, γpr(T ) = γpr(F)+ 2|S| and
(ii) holds.
Next we consider the sufficiency. Suppose that T is a tree which possesses a MLPDS and that satisfies conditions (i) and
(ii). Since T possesses a MLPDS it contains no k-support vertex for k ≥ 3, by Corollary 24.
We show first that if S = ∅, then γpr(T ) = γMpr (T ). Assume that S = ∅. Thus the tree T has no strong support vertex. Let
D be a PDS of T and let u, v ∈ V \D. If N(u)∩D 6= N(v)∩D, then cD(u) 6= cD(v). Hence, suppose that N(u)∩D = N(v)∩D.
Since T is a tree, we may suppose that N(u) ∩ D = N(v) ∩ D = {w}. Sincew is not a strong support vertex, at least one of u
and v cannot be a leaf. Wemay assume that dT (v) ≥ 2. Let x ∈ N(v)\{w}. SinceN(v)∩D = {w}, we note that x 6∈ D. Thus, x
is adjacent to a vertex y ∈ D. Since T is a tree,w 6= y. Therefore, d(v, y) = 2, while d(u, y) = 4, implying that cD(u) 6= cD(v).
Hence, D is a MLPDS of T , and so γMpr (T ) ≤ γpr(T ). Consequently, γpr(T ) = γMpr (T ).
We show next that if S 6= ∅ and N[S] = V , then γpr(T ) = γMpr (T ). Assume that S 6= ∅ and N[S] = V . Then adding
one leaf neighbor adjacent to every vertex in S to the set S produces a MLPDS of T , and so γMpr (T ) ≤ 2|S|. By (i), the set S is
independent in T , and so γpr(T ) ≥ 2|S|. Thus, γMpr (T ) ≤ γpr(T ). Consequently, γpr(T ) = γMpr (T ).
We show finally that if S 6= ∅ and N[S] 6= V , then γpr(T ) = γMpr (T ). Assume that S 6= ∅ and N[S] 6= V . By (ii), there exists
A ⊆ K such that F = T − (N[S] \ A) is a forest with no isolates and with γpr(T ) = γpr(F)+ 2|S|. Let DF be a γpr(F)-set. Let
D be the set obtained from DF by adding to it the set S and one leaf neighbor adjacent to every vertex in S. Then, D is a PDS
of T of cardinality |DF | + 2|S| = γpr(F)+ 2|S| = γpr(T ). Thus, D is a γpr(T )-set. Suppose D is not a MLPDS of T . Then, there
exist u, v ∈ V \ D such that cD(u) = cD(v). Consequently, N(u) ∩ D = N(v) ∩ D, and since T is a tree we may assume that
N(u) ∩ D = N(v) ∩ D = {w} for somew ∈ D. Ifw is not a strong support vertex, then at least one of u and v is not a leaf. If
w is a strong support vertex, then one of its leaf neighbors is in D, and so at least one of u and v is not a leaf. We may thus
assume that dT (v) ≥ 2. Let x ∈ N(v) \ {w}. Since N(v) ∩ D = {w}, we note that x 6∈ D. Thus, x is adjacent to a vertex y ∈ D.
Since T is a tree,w 6= y. Therefore, d(v, y) = 2, while d(u, y) = 4, implying that cD(u) 6= cD(v), a contradiction. Hence, D is
a MLPDS of T , and so γMpr (T ) ≤ γpr(T ). Consequently, γpr(T ) = γMpr (T ). 
As an immediate consequence of Proposition 31, and its proof, we have the following result.
Corollary 32. If a nontrivial tree T contains no strong support vertex, then every PDS of T is a MLPDS of T . In particular,
γMpr (T ) = γpr(T ).
We next establish a relationship between the paired-domination number and the metric-location-paired-domination
number of a tree in terms of the number of leaves and the number of support vertices of the tree.
Proposition 33. If T is a tree with ` leaves and s support vertices and which possesses a MLPDS, then
γpr(T ) ≤ γMpr (T ) ≤ γpr(T )+ 2(`− s)
and this bound is sharp.
Proof. The lower bound is immediate since every MLPDS of a graph is a PDS of the graph. To prove the upper bound, let T
be a tree with ` leaves and s support vertices which possesses a MLPDS. Since T has a MLPDS, every support vertex of T is
adjacent to at most two leaves. If T contains no 2-support vertex, then by Corollary 32, γMpr (T ) = γpr(T ) and since ` = s
we have γMpr (T ) = γpr(T ) + 2(` − s). Hence we may assume that T has at least one 2-support vertex, since otherwise the
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result follows. Let T ′ be the tree obtained from T by deleting exactly one leaf-neighbor of every 2-support vertex of T . Then,
γpr(T ′) = γpr(T ). Let S ′ be a γpr(T ′)-set. Since T ′ is a tree with no strong support vertex, by Corollary 32, the set S ′ is a MLPDS
of T ′. Let S be a MLPDS of T constructed from S ′ as follows. Consider each of the (` − s) 2-support vertices of T in turn. Let
v be a 2-support of T . If v has a leaf in T ′ which is in S ′, then we consider the next 2-support of T . If v is paired in S ′ with a
non-leaf neighbor u and epn(u, S ′) = ∅, then we add to S ′ a leaf of v and remove u from S ′. If v is paired in S ′ with a non-leaf
neighbor u and epn(u, S ′) 6= ∅, then we let u′ ∈ epn(u, S ′) and add both u′ and a leaf-neighbor of v to S ′. The resulting set S
so constructed is a MLPDS of T . Thus, γMpr (T ) ≤ |S| ≤ |S ′| + 2(`− s) = γpr(T )+ 2(`− s). This establishes the upper bound.
Equality in the lower bound is characterized in Proposition 31. Equality in the upper bound is achieved if T has no strong
support vertices. There are also infinite families of trees that contain strong support vertices and achieve equality in the
upper bound. For example, such a family of trees T can be constructed as follows. Begin with any path of order 3k+1, k ≥ 0,
with vertices labeled from v1 through v3k+1. For each j = 0, . . . , k, add two pendant edges and a path of length 2 to the
vertex v3j+1. Then, γpr(T ) = 2(k+ 1), γMpr (T ) = 4(k+ 1), ` = 3(k+ 1), and s = 2(k+ 1). Thus, γpr(T )+ 2(`− s) = γMpr (T ),
and so the tree T achieves equality in the upper bound. 
We next establish upper and lower bounds on γMpr (T ), for a tree T possessing a LPDS, in terms of γ
L
pr(T ).
Proposition 34. For any tree T having a LPDS,
γMpr (T ) ≤ γ Lpr(T ) ≤ 2γMpr (T )− 2,
and these bounds are sharp.
Proof. The proof is identical to the proof of Theorem13 presented in [11] (which gives a similar bound for total domination),
except for one difference. The proof in [11] uses dominating sets and the fact that the domination number of a graphwith no
isolated vertices is at most one-half the order of the graph. The proof in the paired-domination case uses paired-dominating
sets and the fact that the paired-domination number of a graph with no isolated vertices is at most the order of the graph.
Equality is achieved in the lower bound by, for example, any path. That the upper bound is sharp may be seen as follows.
Let T be the tree obtained from the disjoint union of k copies of P4 by joining a support vertex from one of these paths to a
support vertex from each of the other k− 1 paths and then subdividing each added edge twice. Then, γMpr (T ) = 2k (the set
of 2k support vertices of T form a minimum MLPDS of T ) while γ Lpr(T ) = 2k + 2(k − 1) (the set consisting of the 2(k − 1)
subdivided vertices and the 2k support vertices forms a minimum LPDS of T ). Hence, γ Lpr(T ) = 2γMpr (T )− 2. 
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